ON THE FUNDAMENTAL DOMAIN OF AFFINE SPRINGER FIBERS 



ZONGBIN CHEN 



Abstract. For G a connected reductive group, 7 6 g(F) semisimple regular unrami- 
fied, we introduce a fundamental domain F y for the affine Springer fibers X 1 . There 
is a beautiful way to reduce the purity conjecture of to that of F 1 , we call it the 
Arthur-Kottwitz reduction. It turns out that these fundamental domains behave well in 
family. We formulate a rationality conjecture about a generating series of their Poincare 
polynomials. We then study them in detail for the group GL3. In particular, we pave 
them in affine spaces and we prove the rationality conjecture. 

1. Introduction 

Let k = F q , we fix an algebraic closure k of k. Let F = be the field of Laurent 

series with coefficients in k, O = k[[e\] the ring of integers of F, p = ek[[e\] the maximal 
ideal of O. Let val : F x — > Z be the discrete valuation normalized by val(e) = 1. 

Let G be a connected reductive algebraic group split over k, we make the assumption that 
char(/c) > rk(G), where rk(G) is the semisimple rank of G. Let T be a split maximal torus 
of G, let B be a Borel subgroup of G containing T. Their Lie algebras will be denoted 
by the corresponding Gothic letters. Let K = G{0) be the standard maximal compact 
subgroup of G{F). The affine grassmannian = G(F)/K is the ind-Zc-scheme such that 

%-(F q n) = G(F qn ((e)))/G(F qn [[e}}), Vn G N. 

For a regular element 7 £ t(0), the affine Springer fiber at 7 

Jf 7 = { 5 € G{F)/K I Ad( 5 " 1 ) 7 G 0(0)} 

has been introduced by Kazhdan and Lusztig |KL| . It has been used by Goresky, Kottwitz 
and Macpherson [GKMlJ to prove the fundamental lemma of Langlands-Shelstad in the 
unramified case, under the following hypothesis: 

Conjecture 1.1 (Goresky-Kottwitz-Macpherson). The cohomology of 3I>~ is pure in the 
sense of Deligne, i.e. the eigenvalues of the action of frobenius Fr g on H l (^^ ^.,Qi) have 
an absolute value of q % / 2 for any embedding — > C. 

This conjecture has been proved in some particular cases, see [GKM2J, |Lu| . [C] , where 
the authors have found affine pavings of J^. 

The affine Springer fibers have a large symmetry group. The free abelian group A gen- 
erated by x( e )> X ^ X*(T) acts simply and transitively on the irreducible components of 
It is desirable to use this symmetry to reduce the study of to that of its irreducible 
components. But the condition of irreducibility is difficult to explore. Instead, we construct 
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a fundamental domain F~ of 3£y with respect to the action of A, which should be exactly 
one of the irreducible components of Our first main result is the following: 

Theorem 1.1. For any 7 € i{0), suppose that F^' 1 is cohomologically pure for any Levi 
subgroup M of G containing T. Then is cohomologically pure if and only if F~ is. 

The conjecture of Goresky, Kottwitz and Macpherson can be restated as: 

Conjecture 1.2. The cohomology of F^ is pure in the sense of Deligne. 

It is believed that _F 7 is an irreducible component of Sfcy, and that it is also the normal- 
ization of A\ J£y. For example, this follows from the purity conjecture. These observations 
lead us to restate the conjectures of Goresky, Kottwitz, Macpherson and of Laumon [L] 
in the following way, which opens the door to a possible proof of the purity conjecture by 
deformation. 

Conjecture 1.3. Let C be a projective geometrically integral algebraic curve over k. Sup- 
pose that all the singularities of C are planar. Then the normalization of the compactified 
Jacobian Jacc* of C is cohomologically pure. 

Now we restrict to the group G = GL^. Let T be the maximal torus of diagonal matrices, 
let B be the Borel subgroup of G of the upper triangular matrices. Let $ = {ctij} be the 
root system of G with respect to T, let aj = a^i+i, i = 1, • • • , d — 1, be the simple roots 
with respect to B. Let 7 £ t(O) be regular, it is said to be in minimal form if 

val(ai j- (7)) = min {val(ai(j))}, Vi<j. 

i<l<j — 1 

In this case, we say that the root valuation of 7 is (val(ai(7)), ' ' ' > va K Q d-i(7)))- We can 
always conjugate 7 such that it is in minimal form. For n = (m, • • • , rid—i) £ N d_1 , we 
can find 7 E t(O) in minimal form with root valuation n. It is believed that the topology 
of F^ only depends on its root valuation. Let P n (t) be its Poincare polynomial. 

Conjecture 1.4. The power series 

+00 +00 

£••■ E P(n lr ..,n^ 1 )(t)T^...T^eZ[[t,T 1 ,...,T d ^]] 
m=i n d _!=l 

is a rational function, i.e. it is an element of Z(t,Ti, • • • , 

The second main result of our article is the following: 

Theorem 1.2. Lei G = GL3, Zef n = (ni,ri2) £ N 2 , ni < ri2, Zef 7 £ t(O) 6e in minimal 
form with root valuation n. The fundamental domain F^ can be paved in affine spaces, and 
the paving only depends on n. Its Poincare polynomial is 

ni ni+ri2 — l 2ni+ri2 — 1 

P n (t) = Y^i(t Ai - 2 + t Ai ~ A )+ (2ni + l)t 2i + Yl 4 ( 2ni +n2 -i)t 2i + t 4ni+2n \ 

i=l i=2n± i=n\+ri2 

The rationality conjecture for GL3 is an easy consequence of the theorem. 
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Notations. Let $ = T) be the root system of G with respect to T, let W be the 

Weyl group of G with respect to T. For any subgroup H of G which is stable under the 
conjugation of T, we note &(H, T) for the roots appearing in Lie(-ff). Let Ab be the set of 
simple roots with respect to B, let (tu Q ) Q , G A B be the corresponding fundamental weights. 
To an element a £ Ab, we have a unique maximal parabolic subgroup P a of G containing 
B such that §{Np a ,T) R A# = a, where Np a is the unipotent radical of P a . This gives 
a bijective correspondence between the simple roots in and the maximal parabolic 
subgroups of G containing B. Any maximal parabolic subgroup P of G is conjugate to 
certain P a by an element w E W, the element w ■ w a doesn't depend on the choice of w, 
we denote it by wp. 

We use the (G, M) notation of Arthur. Let F{T) be the set of parabolic subgroups 
of G containing T, let C(T) be the set of Levi subgroups of G containing T. For every 
M € £(T), we denote by V(M) the set of parabolic subgroups of G whose Levi factor 
is M. For P € V(M), we denote by P~ the opposite of P with respect to M. Let 
X*(M) = Hom(M, G m ) and a* M = X* (M) ® R. The restriction X*(M) -> X*(T) induces 
an injection a^- o^. Let (ctjO* be the subspace of generated by $(M, T). We have 
the decomposition in direct sums 

°T = V a T J © a M- 

The canonical pairing 

X*(T) x A*(T) -> Z 

can be extended linearly to ax X — > R, with ar = X*(T) (g) R. For M £ £(T), let 
o^f C ap be the subspace orthogonal to a* M , and ajvf C dp be the subspace orthogonal to 
(Ojf)*, then we have the decomposition 

It = Om © cij^, 

let 7rj\,/, 7r M be the projections to the two factors. 

We identify X*(T) with T{F) /T{0) by sending \ to x( e )- With this identification, the 
canonical surjection T{F) -4 T(F)/T(0) can be viewed as 

(1) T(F)^X*(T). 

We use Ac to denote the quotient of A* (T) by the coroot lattice of G (the subgroup of 
A*(T) generated by the coroots of T in G). We have a canonical homomorphism 

(2) G(F) -4 A G , 

which is characterized by the following properties: it is trivial on the image of G SC (F) in 
G(F) (G sc is the simply connected cover of the derived group of G), and its restriction to 
T(i ? ) coincides with the composition of ^Q) with the projection of X*(T) to Aq. Since the 
morphism ([2]) is trivial on G(0), it descends to a map 

u G ■ % -4 A G , 

whose fibers are the connected components of 5C . 

Finally, we suppose that 7 G t(C) satisfies 7 = mod e to avoid unnecessary complica- 
tions. 
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2. The fundamental domain 

2.1. Truncated affine Springer fibers. For M € C(T), the natural inclusion of M(F) 
in G(F) induces a closed immersion of JT M in % G . For P = MN £ T(T), we have the 
retraction 

f P : JT -)> 

which sends gA = nmK to mM(0), where g = nmk, n G N(F), m € M(F), k £ K 
is the Iwasawa decomposition. More generally we can define /p : JT L — >• JT M for L £ 
£(T), L D M and Pl € V L {M). These retractions satisfy the transition property: Suppose 
that Q £ V(L) satisfy Q D P, then 

/p = /pnL /q- 

For P G P(T), we have the function Pp : — >■ = ajyi/o-G which is the composition 

Hp : — 3s ^ M > Am — ^ ci^- . 

Proposition 2.1 (Arthur). Lei B',B" £ P(T) 6e £u?o adjacent Borel subgroups, let a B , B „ 
be the coroot which is positive with respect to B' and negative with respect to B" . Then for 
any x £ 3C , we have 

Hp' {%) — Hpn (x) = n(x, B', B") ■ a^, B „ , 

with n(x,B',B") £ Z> . 

Proof. Let P be the parabolic subgroup generated by B' and B", let P = MN be the Levi 
factorization. The application Hp' factor through fp, i.e. we have commutative diagram 

fp 

•M „G 




^ fl G 

ttM 1 

B'nM 



and similarly for Hpn. Since M has semisimple rank 1, the proposition is thus reduced to 

* . 



G = SL 2 . In this case, let T be the maximal torus of the diagonal matrices, B' = 

B" = ^* , and we identify dp with the line H = {{x, —x) \ x £ R} C R 2 in the usual 

way. By the Iwasawa decomposition, any point x £ can be written as x = ^ K. 
Let m = min{val(a), val(6)}, n = val(eZ), then m + n < val(a) + val(d) = and 

Hp'{x) = (— n,n), Hp"(x) = (m,—m). 
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So 

Hb'(x) — Hb"{x) = (— (n + m),n + m) = — (n + m) ■ a B , B „, 
and the proposition follows. □ 

For any point x £ JT, we denote by Ec(x) the convex envelope in dj. of the Hb'(x), B' £ 
V(T). For any P £ P{T), we denote by Ec p (x) the face of Ec(x) whose vertices are 
Hb'(x), B' £ V(T), B' C P. 

Definition 2.1. A family D = (\B')B'eV{T) of elements in atf, is called (G, T)- orthogonal 
if it satisfies 

\b' — A#" £ R>o ■ a B i : B"i 
for any two adjacent Borel subgroups B', B" £ V{T). 

Let L> = (Ab')b'g'P(T) be a (G, T)-orthogonal family, we also denote by D the convex 
envelope of \ B >, B' £ V(T) in df. For P = MN £ J*(T), parallel to Ec p (x), we denote by 
L> p the face of D whose vertices are \ B >, B' £ V(T), B' C P. With the projection vr M , it 
will also be seen as a (M, T)-orthogonal family. 

Following Chaudouard and Laumon |CL] . we define the truncated affine grassmannian 
3£{D) to be 

%{D) = {x £ X | Ec(x) C D}, 

and the truncated affine Springer fiber X^(D) to be the intersection X~j fl JT(-D). The 
connected components of JT(-D) and X^{D) are projective £;-schemes. It should be noted 
that there is slight difference between different components of both &(D) and ^^{D). 

2.2. The fundamental domain. A point x = gK £ SC^ is said to be regular if the 
image of Ad(^ _1 )7 under the reduction 0(0) — > g(k) is regular. It can be proved that the 
subvariety St^ es of regular points is open dense in 

Proposition 2.2 (Bezrukavnikov). The group T(F) acts transitively on . 

The reader is referred to [BJ for the proof. As a consequence, the abelian group A gener- 
ated by x( e ) ^ T(F), x ^ X*(T) acts freely and transitively on the irreducible components 

of jr 7 . 

Goresky, Kottwitz and Macpherson [GKM3| have given the following description of reg- 
ular points in J£y. We reproduce their proof here. 

Lemma 2.3 (Goresky-Kottwitz-Macpherson). A point x £ is regular if and only if for 
any Levi subgroup M £ C(T) of semisimple rank 1, the point fp(x) £ X^ 1 is regular for 
any P £ V(M). 

Proof. For x = gK £ SC ', the image of Ad(g) -1 7 under the reduction 0(0) — > 0(fe) is 
well defined up to conjugacy, we denote it by ug{x). For any P = MN £ P(T), let 
g = pk, p £ P(F), k £ K, then Ad(p) _1 7 £ p(F) n 0(0) = p(0). Its image in p(k) under 
the reduction is well defined up to conjugacy, we will denote it by up(x). It is obvious 
that up{x) goes to UM{fp{x)) under the projection p — > m. So if ug(x) is regular, then 
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UM{fp{x)) is regular since up(x) lies in the same conjugacy class as ug(x) in Q(k). This 
proves the necessary part of the lemma. 

For the sufficiency, it is enough to prove that ub(x) is regular. For a E A#. let Q a be 
the parabolic subgroup generated by B and s a ■ B, where s a E W is the simple reflection 
associated to a. Let Q a = M a N a be the Levi decomposition, then M a is of semisimple 
rank 1. Now ub{x) goes to UM a ifQ a i x )) un der the composition b = — > q Q ^> m Q . Since 
u M a (fQ a ( x )) i s regular in trio, for any a 6 A#, this implies that ub(x) is regular. 

□ 

Proposition 2.4 (Goresky-Kottwitz-Macpherson). Let x E X^. 

(1) For any two adjacent Borel subgroups B'^B" E V(T), we have 

n(x,B',B") <vsi(a B >,B»(l)), 

where olb' ,B" is the root associated with the coroot a B , B „. 

(2) The point x is regular if and only if the above equality holds for any two adjacent 
Borel subgroups. 

Proof. First of all, observe that for any x, y E SC such that y lies in the closure of the orbit 
T(0) ■ x, we have Ec(y) C Ec(ar). Now that J2^ reg is dense open in Xy, it suffices to prove 
the second assertion. By lemma |2~3| it suffices to prove the proposition for G = GL2. This 
follows from proposition 12.51 where we have picked a particular regular point xo E Xj eg 
and calculated that 

H B (x ) = (val(a( 7 )), 0), H B -(x ) = (0, val(a( 7 ))). 

It is obvious that Hb(xq) — H b -{xq) = val(a(7)) • a v . 

□ 

The above results motivate the following definition. 

Definition 2.2. Take a regular point x E Xj eg . Let be the connected component of the 
truncated affine Springer fiber X^\^H B i{x))b'^p(t)) which contains x, it is the fundamental 
domain of S&L with respect to the action of A. 

It is clear that different choice of x E Xj eg gives rise to isomorphic fundamental domain. 

2.3. Examples for GL^. For the group GL^, 7 E t(0) regular, we have a particular choice 
of a regular point xq on X~~ r Let xo E ^C y GLd be the point representing the lattice 0(7] 
sitting inside F[y] = F[X]/(X-ji)® - ■ -®F[X]/(X -j d ) = F d , where 7; are the eigenvalues 
of 7. Taking {1,7, • • • , 7 d_1 } as a basis of ^[7], we check easily that xq is a regular point. 



Proposition 2.5. For a E &d, we have 



HaB-(%a) = <?~ 



E}=1 val ( a <r( l ),«T(j)(7)) 
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Proof. Let {e\, • • • , e^} be the natural basis of F d , the vector 7 s G 0[j] corresponds to the 
vector YLi=i lt e i m F d . Let g be the matrix 



1 


1 


1 


7i 


72 


Id 








it 1 


it 1 ■ 





then 0(7] = #C> d . From this expression, we see that it suffices to prove the proposition for 
the standard B~ . 

After certain elementary operations on the columns, the matrix g can be put in lower 
triangular form with 1, 72 -71, (73 — 72) (73 - 7l)> ' ' ' > YltZiild ~ ii) on the diagonal from 
top to bottom, from which the claim for H B - (xq) follows easily. □ 



Let 7 G t(O) be regular in minimal form, suppose that its valuation data (rti, ■ ■ ■ , n^-i) 
satisfies n% < n 2 < ■ ■ ■ < n^-i, then the fundamental domain can be written as the 
intersection of SC^ with two affine Schubert varieties. First of all, we identify X*(T) with 
Z d in the natural way. For \x G X^(T), we denote by Sch(/n) the affine Schubert variety 
Ke^K/K. We fix 

0, m, Til + n 2 , • • • . > /); 



A 



E 

i=l 



(d - l)ni, ni + (d - 2)n 2 , rei + n 2 + (d — 3)n 3 , 



■E 

i=l 



n; 



E 

i=l 



Observe that 
(3) 



Mi 



i-1 

E 



val(a J - i (7)), A, = ^ val(ay, ^(7)). 



3=1 



Proposition 2.6. In the above setting, the fundamental domain F~ is the intersection 



F-, 



X n n [Sch(//) n e A • Sch(-/x)] . 



Proof Let D\, D 2 be the convex envelope of the (G, T)-orthogonal family (w ■ [i) w &w an d 
(A — w ■ fA) w eW respectively. By Bruhat-Tits decomposition, we have 

&\ri(D x ) = Sch(^), &M(D 2 ) = e X ■ Sch(- j u), 

where 9£\p\ is the connected component containing e^. So we only need to prove that 
Ec(x ) = DiPiD 2 . Using proposition E51 on verifies that H B '(x ) G D 1 PiD 2 , VS'G V{T), 
so Ec(x ) C F> x n D 2 . Given a (G, T)-orthogonal family D, given P = MN G J"(T) 
maximal, let dp(D) be the distance between the two opposite faces D p and D p . It 
suffices then to prove that 

d P (Ec(x )) = d P {D 1 r\D 2 ). 



8 



ZONGBIN CHEN 



Choose a minimal gallery of Borel subgroups B\, ■ ■ ■ , Bi + i such that B\ € P, -B/+i £ P , 
then otBi,B i+ i j * = 1) • " " > I runs through 3>(iV, T) exactly once. So we have 

l 

dp(Ec(>o)) = -cup(H Bl (x ) - H Bl+1 (x )) = S ^w p (H Bi (xq) - H Bi+1 (x )) 

i=i 

= X] w P (val(a(7)) • a v ) = ^ val(a(7)). 

a&^(N,T) a6$(JV,T) 

To calculate dp(D\ n ^2); let op be the distance of -Df and ZA^, then 

dp(£>i n D 2 ) = mm{d P (D 1 ), a P }. 

Let Pj = MjiVj £ J-(T) be the maximal parabolic subgroup associated to the simple root 
aj. For P conjugate to Pi or Pd-i, i < d/2, we calculate that 

i d— i+j — 1 i d— i+j — 1 

dp(£>i) = ^ ^ val(a M _ i+j (7)) ^ m. 

j=l l=l+j j=l 1=^+3 

We calculate ap i to be 

ap = 2zj p -(h) - w p -(X) = -2vji{\x) + n?i(A) 

= 2 (lii+x H h//d - —J-iVl H r-^d) 

A m + • • • + A d - ^p(Ai + • • • + A d ) 

2 val(a(7)), 
ae<S>{Ni,T) 

here we use equation ([3]) in the last equality. Conjugate the above calculation by a G (3^, 
we found that 

ap = ^2 val(a(7)). 

ae*(AT,T) 

It is easy to verify that ap < dp(D\), so we have dp{D\ n -D2) = ap = dp(Ec(xo))- 

□ 



3. Arthur-Kottwitz reduction 

Fix a regular point xo € J£y rcg . Take (eiiy such that a(£) is positive but almost equal 
to for any a € Ap. Let Dq = (\b')b'£V(T) t> e the (G, T)-orthogonal family given by 



Ap/ = H B <{xo) +w' 
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where w' G W is taken such that B' = w' ■ B. For P = MN € T(T), define R P to be the 
subset of satisfying conditions 

vr M (a) C D P ; 

a(vr M (a)) > a(ir M (^B')), Va 6 $(N,T), Vfl' £ P(T), B' C P. 
Notice that i?G = Ad- We get a partition 
(4) a£= |J R P . 

P&T{T) 

The figure [1] gives an illustration of the partition for the group GL3. The partition @ 
induces a disjoint partition of via the map — > , since we have perturbed 
the (G, T)-family (H B '(x ))b>€V{t) witn £■ 



Pb 




FlGURE 1. Partition of a!f for GL 3 . 

Lemma 3.1. For any x G J£y, f/iere exists a unique P G F(T) such that Ec p (x) G Rp. 

Proof. By proposition ^, 41 the convex polytope Ec(rc) is contained in a translation of Ec(xo) 
by some A G A. The uniqueness is clear for such a translation, from which the uniqueness 
for general case follows. 

Now we prove the existence. For a maximal parabolic P G J~(T), let Rp = \Jp/ c p Rp- 
Notice that wp(Hp/(x)) doesn't depend on the choice of B' G V(T), B' C P. Let Pq 
be the maximal parabolic such that wp{Hpi{x) — Hpi{xo)) is maximal among all the 
maximal parabolic subgroups P. It follows that Ec p °(s) C Rp , the basic reason is that in 
a right triangle with sides a, b, c, we always have c > a,b. Now we can use the retraction 

fp ■ =^7 — > ■Sfcy P ° to find the required parabolic subgroup P inductively. 

□ 
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With this lemma, we define Sp := {x E &j | Ec p (x) C Rp}. Notice that F~ is one 
connected component of Sq = ^7 (Do), the other connected components of Sq have slight 
difference from F~. We get a disjoint partition 

JT 7 = 3^(D ) U [J S P . 

PeJ-"(T) 

Consider the restriction of the retraction fp:$y~—> to Sp, its image is Sp H 
Recall that the connected components of S£ M are fibers of the map vm '■ h-M- For 

v € A M , let be its fiber at v. Let Sp = fp X (S P n JT M ^), it is easy to verify that 

Proposition 3.2. 77ie retraction fp : S p — > 3^^ ' v \Dq) is an iterated fibration in affine 
spaces. 

Proof. We follow the proof of Kazhdan-Lusztig |KL], §5. By assumption, char (A;) > rk(67), 
the exponential map exp : n — > N is well defined. The group N has the decreasing filtration 
by normal subgroups 

N = N D JVi = [N,N] D ■ ■ ■ D N t = [N^N] D ••• D iV rk(G) D 1. 

The exponential map induces an isomorphism rij/rij+i — > Ni/Ni+i which sends m to 1 + rij. 
Since fp(ux) = fp(x), M u E A r , x E JT, by the definition of Sp, we have the identity 

s P = [n(f) ■ %^ v {p?)\ n jt 7 . 

So the fiber of f P :S P ^ 3£™' V (D%) at mM(0) is 

|nmM(C) I u € iV(F), Ad(u -1 )7 € Ad(m)g(C)}. 

We'll prove that they form a family which is an iterated fibration in affine spaces. 

Let /C be the if-equivariant fiber bundle G(F) x k K on , let & be the i^-equivariant 
vector bundle G(F) Xk q{0) on J2f , where K acts on K and 0(0) by conjugaison. Let Ni 
be the constant fiber bundle x Ni(F), let ftj be the constant vector bundle SC x xii(F). 
We denote also N = Nq. 

To begin with, observe that with the retraction fp, the locally closed subvariety fp (3f M > u ) 
of SC is isomorphic to the restriction of the fiber bundle N/NnK. over X M ' V , we will iden- 
tify them in the following. For i = 0, • • • , rk(G) + 1, let S t be the sub bundle of Ni\N/NnlC 
restricted to &^' v (Dq), whose fiber at mM(0) is given by 

E Ni(F)\N(F)/N(F) n Ad(m)K | Ad(«) -1 7 E Ad(m)g(C) + 

Let ^ : SVfi — > Sj be the natural projection, we get a tower of projections 

Sp = S lk ( G )+l ~* Srk(G) ' ' ' — > Sq = 3£^' v (Do). 
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The last isomorphism is due to the equivalence of the equations 7 G Ad(m)g(C) +n(F) and 
7 G Ad(m)g(C) since Ad(m) -1 7 G vn(-F). We will prove that each is a homogeneous 
space under a vector bundle over Si, this will end the proof of the proposition. 
Given gK G Si, we have 

jeAd(g) Q (0) + m(F). 
Let it = 1 + n £ N i+1 (F)\Ni(F), with n G n i+ i(F)\tli(F), then 

ugK G Ad(n- 1 ) 7 G Ad(g)g(0) + n i+1 (F) 

(5) 7 + [7, n] e Ad( 5 )g(C?) + m+i(F). 
Using the isomorphism 

Ad(g) 5 (0) + n,(F) ^ n,(F)/n,(F) n Ad(g)g(Q) 
Ad( 5 )g(C?) + n i+ i(F) n i+1 (F)/n l+1 (F) n Ad(<?)g((D) ' 

let 7 be the image of 7 under the isomorphism, then the equation ([5|) means that n should 
satisfy the equation ad(7)n = —7 in the above quotient. Consider the endomorphism ad(7) 
of the restriction of the vector bundle 

(6) . */* n * 

Hi+lM+l n -ft 

on S"j. It is surjective since ad(7) : xii(F) — > xii(F) is. This means that there is always n 
such that equation ^ is satisfied, i.e. pi are surjective for all i. Further more, let Vi be 
kernel of the endomorphism ad (7) of the vector bundle (J6]), then Vi is a vector bundle on 
Si. The above calculation shows that SVfi is a homogeneous space over Si under the vector 
bundle Vi. 

□ 

Proposition 3.3. The stratas S p are locally closed sub varieties of Further more, in 
the decomposition 

(7) 3£ t = 3£ 1 (D Q )U |J |J S P , 

Per{T) ueA M nRp 

P^G 

we can order the strata S p such that at each step we have a closed sub variety of 3£~. 

Proof. To begin with, J£y(_D) is a closed sub variety of for any (G, T)-orthogonal family 
D. Now we prove by induction. Let Pq = MqNq G F(T) be a maximal parabolic subgroup 
containing P. For P' = M'N' G F(T), P' C Pq, let be the natural projection A M / 
Am , let z^o = £>m H- Consider 

^S== U U 

P'cP 0p My )=UQ 

Firstly, Zp^ can be written as a difference ^ly(D)\£^j(D') for two (G, T)-orthogonal family 
D, D' . Secondly, observe that 

S v p, = [N Q (F) ■ {S P \ n ^ Mo ' u °)} n jr 7 , 
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the same proof as that of proposition 13.21 shows that the retraction 

f Po : Z V jS Q -> X y M °^(D P °) 
is an iterated fibration in affine spaces. Now the claim follows by induction. □ 

By proposition 13. 2[ each strata S P has an iterated affine fibration onto 3£-y p ' v (Dq), so 
the study of Sfcy is reduced to that of F-y. We call the decomposition ([7]) the Arthur- Kottwitz 
reduction. We remark that this is not a reduction of Harder-Narasimhan type. 

Lemma 3.4. Suppose that is cohomologically pure for any Levi subgroup M of G 
containing T. Suppose that F^ is pure, then the truncated affine Springer fiber X"(Dq) is 
pure for all v € Kq. 

Proof. After certain translation on X by A, we have F-y = 3£"(Dq + vo y ), where w y is 
a minuscule coweight, and Dq + ro v is the translation of Dq by zu v . It is easy to see 
that X^(Dq) C Fy. Applying the reduction of Arthur- Kottwitz, the open sub variety 
F^\3£" (Dq) is naturally stratified into finite unions of S P nF 7 . Since the two truncation 
parameters differ by a minuscule coweight, we have an inclusion of T- fixed points (Sp) T C 
(Fry) T and (S P ) T all lies on the faces of Ec(xo). By proposition 12.41 we have S P C Fry, so 

sp n F-y = sp . 

Now we prove by induction. Suppose that the lemma is proved for all the Levi subgroups 
M £ CiT), then (Dq) are all cohomologically pure for all P £ V(M) and all v' £ Am- 

By proposition 13.21 and 13.31 we see that F^\X^ (Dq) is cohomologically pure. Now the long 
exact sequence 

•••-»• H^H-^iDo)) HI(F^(Dq)) -> H\F 7 ) -> H\&»(Dq)) -»• ••■ 
will split into short exact sequence 

o -> H&F^arjiPo)) -»• ^(f 7 ) -»■ h\^(Dq)) -> o, 

because H l ~ l (X" (Dq)) is of weight at most i — 1 by [Weil II] . The claim then follows from 
the above short exact sequence. 

□ 

Now we come to the proof of theorem 11.11 We will prove a slightly stronger result. 
A (G, T)-orthogonal family D = (^b')b'£P(T) is sa id to be regular with respect to Do if 
// /; . •• R B ,, V/," .: V(T). 

Theorem 3.5. Suppose that Fj^ is cohomologically pure for any Levi subgroup M of G 
containing T. Let D be a (G,T)- orthogonal family regular with respect to Dq. Then F^ is 
cohomologically pure if and only if the truncated affine Springer fiber X,(D) is. 

Proof. The complication that some connected components of X<y(D) doesn't contain F^ is 
already treated in lemma [3~4"l so we can suppose that every connected component of X^(D) 
contains a translation of F^. Applying the Arthur- Kottwitz reduction to every connected 
component X"(D), we get a stratification of X" (D)\F^ into finite union of S P R 2£"(D). 
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The hypothesis that D is regular with respect to Dq implies that each Sp is either contained 
in S£"(jy) or disjoint from it. Applying lemma [3~4l to the Levi subgroups M £ £(T), we see 

that all the truncated affine Springer fibers 31>J^ ,V (Dq), P € V(M) are cohomologically 
pure, which implies that ^^(D)\F^ is cohomologically pure by proposition 13.21 and 13.31 
Now the theorem follows from the same argument as the last part of the proof of lemma 

□ 

4. Rationality conjecture for GL 3 

Let G = GL3, let n = (ni^n?) € N 2 , n\ < ra 2 , let 7 € t(O) be in minimal form with 
root valuation n. Let be the fundamental domain of S£~ containing xq, where xq is the 
regular point defined in §2.3. 

Proposition 4.1. The fundamental domain F 7 is the intersection of with 

Sch(2ni +n 2 ,0,0) ndiag(e" n2 ,e-" 1 ,e~" 1 ) • Sch(2m + n 2 , 2ni + n 2 , 0). 
Proof. By proposition 12.51 Ec(a;o) is the hexagon with vertices marked as indicated in figure 

m 



(2n l5 ni + n 2 , — rti) 




(0,0,2ni+na) 



FIGURE 2. Hexagon as intersection of two triangles. 



This hexagon can also be represented as the intersection of two triangles as indicated 
also in the figure. Let A, V be the upward and the downward triangle in the figure. By 
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Bruhat-Tits decomposition, we see that Ec(x) G V if and only if x £ Sch(2ni +rt2,0, 0). 
We notice that A is the translation by (— n 2 , — n\, — ri\) of the triangle A' with vertices 

(2ni + n 2 , 2ni + n 2 , 0), (2ni + n 2 , 0, 2ni + n 2 ), (0, 2ni + n 2 , 2ni + n 2 ). 

Again by Bruhat-Tits decomposition, we see that Ec(x) GA' if and only if x G Sch(2ni + 
n 2 , 2ni + n 2 , 0), the result follows directly from these considerations. 

□ 



4.1. Affine paving. We can pave F~ in affine spaces, the strategy is the following: By 
proposition 14. 1[ we have 



F 7 = ^T 7 nSch(2m +n 2 ,0,0) ndiag(e" n2 ,e _ni ,e" ni ) • Sch(2m + n 2 , 2m + n 2 , 0). 

So we firstly pave the intersection of the two affine schubert varieties in affine spaces, but this 
paving doesn't induce an affine paving of F 7 , we need to regroup the resulting pavements 
and do a second nonstandard paving. Our main result in this section is: 

Theorem 4.2. The fundamental domain F 7 admits an affine paving, which only depends 
on the root valuation of^f. 

Proof. Let / be the standard Iwahori subgroup, i.e. it is the inverse image of the Borel 
subgroup B under the reduction G{0) -> G(k). Let /' = Ad(diag(e ni , e™ 2 , e n2 ))I. By [C] 
corollary 2.3, we have the affine paving 



Sch(2ni +n 2 ,0,0) ndiag(e~ n2 ,e- ni ,e- Jti ; 
= [J Sch(2ni + n 2 ,0,0) nl'ePK/K 

M 6(F 7 )T 



Sch(2ni + n 2 , 2n± + n 2 , 0) 



U 



O 



pna-ni+l q q 
pna-nj+1 p q 



e^K/K, 



where a = maxjni — n 2 , — ^ 2 }, 6 = maxjrii — n 2 , —^3}. We denote by C(/i) the resulting 
pavement containing e^. 

To pave F 7 , we cut it into 4 parts. Let (/i^, fj,' 2 , = (/ii — ni, fi 2 — n 2,H3 — n 2 ), an d 

i?i = G (F 7 ) T I fi[ < // 2 ,^' 3 }, 

R'l = (F 7 ) T I fi[ > n' 2 ,f/ 3 ; ^2<n 2 - nr, ^3 < n 2 - ni}, 

r 2 = {n e (f 7 ) t 1 < /4; 1^3 > n 2~ Til}, 

R 3 = {li G (F 7 ) T I < /ii, // 2 ; V2> n 2 - m}. 

Although R\ and R[ may intersect at one point, it doesn't cause trouble to the paving. 
Figure [3] gives an idea of the cutting. Let tyj = |_LeJli ^0^)' * = 1>2,3. For / G Z, let 
= {/U G i?j I /ij = 1} and V^j = U^G-R 1 ^0-0 • Similar notations for 
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FIGURE 3. Nonstandard paving. 



We use the Iwahori subgroup I' to pave V\ Pi Since we have 



o 

p n 2 -m+l Q Q 



e^K/K, 



we see easily that C(n) H is isomorphic to an affine space. 
We also use /' to pave V{ fl 3£~. We have 

C(/i) = O O e^K/K. 

P ° . 

It is easily checked that C(fj.) f] is isomorphic to an affine space. 

We need a second nonstandard paving in order to pave V2 D X~ and V3 fl S£~. Since they 
are symmetric, we only give details for V3 fl 3C^. Since V3 = |J; G z V^;, we only need to pave 
V 3t i n JT 7 . Let 1/ = Ad(diag(l, e l ,e l ))I', we claim that 

V 3ll n& r = [J ^nW^nJ, 

is an affine paving. Since we have 

3 n 2 -ni+l q q 

P O 



C{ji) 



e^K/K, 
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we see easily that VJy admits an affine fibration onto the closed subvariety 

3 n 2 -«l+l Q 

O 



e^K/K 



v 3tl n I'^K/K 



u 

of JfGLaxGL^ Thig implies 

O p" p~ 

p n 2 -n 1+ l+l q q e » K / Kj 

p o 

with c = max(ni— n 2 — /, —^2)- With this equality, it is easily checked that V 3 ^r\I[e^K / Kf\ 
J^y is isomorphic to an affine space. 

It remains to precise the order of the paving. First of all, the Bruhat-Tits order with 
respect to /' induces an ordering of V( l and V^, i= 1,2,3, I £ Z. On V\j, and V[ x we use 
the Bruhat-Tits order with respect to I', while on V 2: i and Vjy, we use the Bruhat-Tits 
order with respect to I[. 

□ 

4.2. Rationality conjecture. To calculate the Poincare polynomial of F~,, we proceed 
by an indirect way in order to avoid the combinatorial complexity. Our strategy is the 
following: we calculate firstly the Poincare polynomial of SC^ fl Sch(2ni + n 2 , 0, 0), then we 
calculate the Poincare polynomial of the complementary of F^, their difference gives what 
we want. It turns out that the complementary of Fy can be paved in affine spaces. 

Theorem 4.3. The Poincare polynomial of F^ is 

ni ni+ri2 — 1 2ni+ri2 — l 

P n ( t ) = Y j i(t 4i ~ 2 +t 4i ~ 4 )+ Yj (2ni + l)t 2i + E 4(2m +n 2 -z)t 2i + t 4ni+2na . 

i=l j=2ni i=n\+n2 

Taking into account the fact that F n2>ni has the same Poincare polynomial as F nii „ 2 , we 
get the precise expression for the generating series. 

Corollary 4.4. The power series 

+00 +00 

E E P(n un2 )(t)T^ € Z[t][[T 1 ,T 2 }} 
ni=l «2=1 

equals the rational function 

{t 2 + l)TiT 2 t^lf (3 - t 4 TxT 2 ) 



+ 



+ 



(1 - T 2 )(l - TiT 2 )(l - t 4 TiT 2 ) 2 (1 - T 2 )(l - i 2 T 2 )(l - t 4 TiT 2 ) 2 
4t 4 TiT 2 t 6 TxT 2 ) 



+ 



(1 - i 2 T 2 )(l - t 4 IiT 2 ) 2 (l - t 6 TiT 2 ) (1 - i 2 T 2 )(l - &T X T 2 



(t 2 + l)TiT 2 



+ 



4t 4 TiT 2 



+ 



t b TiT 2 



(1 -TiT 2 )(l -t 4 TiT 2 ) 2 (1 -t 4 7iT 2 ) 2 (l -t 6 T!T 2 ) 1 - t G T ± T 2 
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Proof of the theorem \4-3\ To pave n Sch(2ni + re 2 , 0,0), we use the same idea as the 
proof of theorem 3.11 in [CJ. We can pave Sch(2m + n>2,0, 0) in afhne spaces with the 
Iwahori subgroup 

I' = Ad(diag(e 2ni+n2 ,l,l))/. 
Let C(/x) = Sch(2ni + n 2 , 0, 0) n I'e^K/K, then we have the affine paving 

Sch(2n! +n 2 ,0,0) = |J C(ji), 

/ieSch(2ni+n 2 ,0,0) T 

with 

" O 

p-^ 1 o o 



C{p) 



p o 



e^K/K. 



Then we prove with the same method that C(//) PI is an affine space of dimension 



min{ni,/j 2 } + min{ni,// 3 } + min < n 2 , |/J 2 - A*3| + 



sign(/x 2 - /J 3 ) - 1 



It suffices to count the number of affine pavements of each dimension to get the Poincare 
polynomial. To facilitate the work, we cut Sch(2ni + n 2 , 0, 0) T into 7 parts, as indicated in 
figure 0J where 



Ri 
R'i 
R 2 
R 2 

Rs 
R'i 



{/x G Sch(2ni +n 2 ,0,0) T 
{/x G Sch(2ni +n 2 ,0,0) T 
{/i G Sch(2ni +n 2 ,0,0) T 
{fj, G Sch(2ni +n 2 ,0,0) T 
{/x G Sch(2ni +n 2 ,0,0) T 
{fj, G Sch(2ni +n 2 ,0,0) T 
{fi G Sch(2ni +n 2 ,0,0) T 



^2 - A*3 > «2}, 
^3 - A*2 > "2}, 

- At3 < n 2)/ u 3 < ni,/i 2 > m}, 

M3 - A*2 < "-2, M2 < Wl, A*3 > ™l}, 

M3 > ni,A*2 > ni} 3 

M3 < "l, A*2 < ni, n 2 < /ii < ni + n 2 }, 

/x 3 < ni, /X2 < ni, n-i + n 2 < /xi < 2ni + n 2 }, 



Now we count the contribution of each part. We first sum over each blue lines as indicated 
in figure [U then we add up all blue lines. We use the notation Y^u,=v ^° mean summation 
over the line having ends in v, v' . Since the Poincare polynomial is a polynomial in t 2 , we 
use q := t 2 to simplify the notation. 

(1) The contribution of C(/x)n J£y, /x G R\ to the Poincare polynomial of J£ y nSch(2ni + 
n 2 ,0, 0) is 

m— 1 (2ni— 2i— l,ri2+i+l,i) m 

^ g"i+n 2 +i = 2 ^^2n 1+ n 2 -i_ 

i=0 jLt=(0,2ni+n2— *=1 

(2) The contribution of C(/i) fl G i?^ is the same as R\. 



ZONGBIN CHEN 

(0,2ni + rs2,Q) (2ni,n2,0) (ni + ra 2 ,ni,0) (2ii 1 + ii 2 ,0, 




(0,0,211! +ra 2 ) 



FIGURE 4. Partition of the triangle. 



(3) The contribution of C(/x) fl JKy,fJ, G R2 is 



ni-l (ni+ri2— i— l,ni+l,i) 



1=0 fi=(2ni—2i,ri2+i,i) 
ni+n 2 m—1 

j=2ni+l j=l 



(4) The contribution of R' 2 is 



ni-l (rn+ri2— i— l,i,m+l) 

i=0 fi={2rii—2i,i,n2+i) 
ni+712 ni— 1 

i=2ni+l j=l 
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(5) The contribution of i? 3 is 

n 2 {i,n 1 +n2-i,n 1 ) 



E E 

i=0 ii=(i t ni,ni+ri2—i) 
"■2 

J^q 2ni (l + q + q 2 + --- + q 



2ni + |M2-M3|+ SiBn(A V' 3) - 1 



i=0 

712 

= q 2ni Y,{n 2 + l-i)q 
i=0 

(6) The contribution of R4 is 

m— 1 (ni+n.2— i,i,ni) 



J2 Yl g ni+i+|M2-M3[+ sisn(M2 ~ P3) " 1 



*— /i=(ni+ri2— i,m,i) 

m— 1 

= 9 ni+i (! + ? + ■■■ + 9 ni_i ) 

i=0 

m— l 

= mg 2 " 1 + ^ (i + l)q ni+i . 
i=0 

(7) The contribution of R'^ is 

ni— 1 (2ni+n2— i,i,0) 

i=Q ^=(2ni+?i2— i,0,i) 

Ml- 1 

= 53 ?*(!+?+•••+?*). 

i=0 

The complementary of F 7 in 3C~ fl Sch(2rei + ri2, 0, 0) can be paved in affine spaces in the 
following way: Observe that F 7 is contained in the intersection H Sch(rai + 7i2,ni,0), 
whose complementary in JKy fl Sch(2ni + n.2,0, 0) can be paved in affine spaces using the 
standard Iwahori subgroup /. It suffices to pave the complementary of Fj in t ^ y nSch(ni + 
rt2, n\ , 0) , which can be done by using the Iwahori subgroup 

I" = Ad(diag(e n \e n2 ,e n2 ))I. 

We cut the complementary of in Sch(2ni + ri2,0,0) T as indicated in figure [U where 

Ti = {fi G Sch(2ni +n 2 ,0,0) T | m > m + n 2 + 1}, 

T 2 = {n G Sch(2ni +n 2 ,0,0) T | /x 2 > rti + n 2 + 1}, 

T 3 = G Sch(2nx +n 2 ,0,0) T I /x 3 > m +n 2 + 1}, 

T[ = {fi G Sch(2ni +n 2 ,0,0) T | 2n x + 1 < m < n x + n 2 }. 
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(0,2ni + rs2,Q) (m, "l + "2,0) (2ni,na,0) (m + na,ni,0) (2ni + n 2 ,0,0) 



(0,m + rV 




(0, Til, Hi 



0/ni + n 2 ) 



(0,0,2rii +ra 2 ) 



Figure 5. Complementary of F~ 



The complementary of JKy n Sch(rei + rt2, «i, 0) in n Sch(2ni + ri2, 0, 0) is 

[_\ Ie^K/K n JT 7 . 

MeTiUT 2 UT 3 

It is easy to verify that this is an affine paving. To calculate its Poincare polynomial, 
each region we first sum over the vertices on the blue lines as indicated in figure [5J then 
sum over all the lines. 

(1) The contribution of T\ is 

ni— 1 (2ni+rt2— i,i,0) 



£ £ 

i=0 [i=(2ni+n2—i,0,i) 

m— l 

£^1(1 + ,+ ...+ 

i=0 



2ni + |/, 2 -M3l+ SiBn(M2 2 " M3) " 1 



(2) The contribution of T2 is 

,ni+n 2 +l,i) 

^ i(? 2n 1+ n, 
i= 

(3) The contribution of T3 is the same as that of T2. 



ni— 1 (ni— i— l,ni+n2+l,i) ni 
i=0 /i=(0,2ni+ri2-i,i) i=l 
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It remains to calculate the Poincare polynomial of the complementary of in <5&^, n 
Sch(ni + ?i-2, ni,0). By proposition 14, 1| it is the union 

|J V'&KjK n Sch(m + n 2 , m, 0) n X 1 . 

By proposition points in Ie^K/K n JT 7 , /ieT 2 UT 3 don't belong to any B'e u K/K n 
J£y, y G T{, for any B' £ J-(T). The above intersection is thus equal to 

[_\ l"e?K/K n Sch(2n! + n 2 , 0, 0) n Jf 7 , 

which is easily verified to be an afhne space of dimension 

o , i i , sign(/i 2 - yu 3 ) - 1 
2ni + \H2 - fJ-3\ H 5 ' 

using the equality 



l"ef*K/K n Sch(2ni + n 2 , 0, 0) 



p a p 



e^K/K, 



O O 
P °. 

where a = maxjni — n 2 , — /u 2 }, b = maxjni — n 2 , —^3}. 

Summing up the contributions of all the pavements in T[ in the order as for the region 
T\ , we find the Poincare polynomial of the complementary of F-y in n Sch(ni + ra 2 , m, 0) 
to be 

ri2— 1 (2ni+n 2 -i,i,0) 

^ ^ g 2n 1 + | M2 - / , 3 | + sisn(M2 2 "^ ) - 1 

i=ni /^=(2ni+n2— i,0,i) 
n 2 — 1 

= J2q 2n ^l + q + - + q i ). 

i=ni 

Now taking into account all the above calculations, we get the result as claimed in the 
theorem. □ 

Remark 4.1. Observe that in the above proof we actually give an afhne paving of the 
complementary of F~ in n Sch(2ni + n 2 , 0, 0), and this paving can also be obtained by 
the Arthur-Kottwitz reduction. With more efforts, the same method can be generalized to 
GL4 using pavings in [C] , 
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